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Functional Integral Representation for Relativistic
Schro¨dinger Operator Coupled to a Scalar Bose Field
with P(φ) Interaction
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Abstract. In this paper the system of a semi-relativistic particle interacting with a
scalar Bose field is investigated. The ultraviolet cutoff condition is imposed on the
Bose field. In the main theorem, the functional integral representation of the semi
group generated by the total Hamiltonian with P(φ) interaction is obtained.
Key words : Relativistic Schro¨dinger operator, Quantum Field Theory, Spectral analysis,
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1 Introduction
In this paper the system of a quantum particle interacting with a scalar Bose field is investigated.
The partilcle’s Hamiltonian is given the relativistic Schro¨dinger operator with potential
Hp =
√
−△+M2 − M + V (1)
on the Hilbert space L2(Rdx), where M > 0 is the rest mass of the particle. For the stochastic
analysis of Hp, the asymptotic behavior of the eigenvector is analyzed by the functional integral
representation in [4], and the functional representation in electromagnetic potential is derived
in [13, 15]. In this paper, we construct the functional integral representation according to [13].
For other results on the stochastic analysis of Hp, refer to e.g. [15, 16, 19].
A scalar Bose field is constructed by stochastic process which investigated in constructive quan-
tum field theory (refer to e.g. [5, 24]). The field operators {φ( f )} f∈Kb are defined by the Gaus-
san random process indexed by a Hilbert space Kb on a probability space (Qb,Bb,Pb). The
state space is given by L2(QKb) and the free Bose Hamiltonian Hb is defined by the differential
second quantization of ωb(−i∇) where ωb is non-negative and continuous function. Physi-
cally ωb(k)≥ 0 denotes the one-particle energy of the field with momentum k. Thus the triplet(
L2(QKb) ,Hb,{φ( f )} f∈Kb
)
of the scalar Bose field is defined.
The system of semi-relativistic particles coupled to a scalar Bose field is defined as follows. The
state space is given by H= L2(Rdx)⊗L2(Qb)≃
∫⊕
Rd L
2(Qb)dx where
∫ ⊕ denotes the fibre direct
1
integral. The free Hamiltonian is defined by H0 = Hp⊗ I + I⊗Hb and the total Hamiltonian by
Hκ = H0 ∔ κ
∫ ⊕
Rd
P(φ(ρx))dx (2)
where ∔ denotes the form sum, P(λ ) =
2n
∑
j=1
c jλ j, c j ∈ R, j = 1, · · · ,2n− 1, c2n > 0, and the
ultraviolet cutoff condition ρx ∈ S′real for each x ∈ Rd is supposed.
By using the functional integral representations of e−tHp and e−tHb , the functional integral rep-
resentation of e−tHκ is derived in the main theorem. Then, from the functional integral repre-
sentation, it is seen that e−tHκ is positivity improving. Then, as a corollary of the main theorem,
it is seen that the ground state of Hκ is unique if it exists.
For the spectral analysis for quantum particles systems coupled to Bose fields by the meth-
ods of stochastic analysis has been analyzed. For non-relativistic QED model, its functional rep-
resentation is obtained in [8], and the case with spin is considered in [12]. The self-adjointness
of the Hamiltonian is investigated in [11], the analysis of the bound state in [10] and that of the
exponential decay in [7]. For spin-boson model and the Nelson model, the applications of their
functional integral representation to spectral analysis are investigated in [2, 3, 9, 14, 18, 25, 26].
This paper is organized as follows. In section 2, the functional integral representation for the
semi-relativistic particles is constructed. In section 3, we overview the Euclidean quantum field
theory, and the functional integral representation for scalar Bose field is derived. In section 4,
the interaction system is introduced. The the main theorem is stated, and its proof is given.
2 Relativistic Schro¨dinger Operator
According to [13], the functional integral representation of semigroup generated by the rela-
tivistic schro¨dinger operator is derived as follows. In this derivation, the Le´vy subordinator
plays an important role. A stochastic process {Tt}t≥0 is called a Le´vy subordinator if {Tt}t≥0 is
one dimensional Le´vy process starting at zero and almost surely non-decreasing in t ≥ 0.
The function Ψ ∈ C∞((0,∞)) is called Bernstein function if Ψ ≥ 0 and (−1)n dnΨdxn ≤ 0 for
all n ∈ N. It is known in ([13] ; Proposition 2.5) that for a Bernstein function Ψ satisfy-
ing lim
x→+0
Ψ(x) = 0, there exists an unique Le´vy subordinator {T Ψt }t≥0 such that E[e−sT
Ψ
t ] =
e−tΨ(s).
Let M > 0 be the fixed mass of the particle, and let us set hrel(s) =
√
s+M2 −M, s > 0.
Since hrel is a Bernstein function, it is seen that there exists a Le´vy subordinator {Tt}t≥0 on the
probability space (Ωrel,Brel,Prel) satisfying
Erel[e
−sTt ] = e−threl(s), (3)
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where Erel[X ] =
∫
Ωrel X(η)dPrel(η).
Remark 2.1 Let Ys = Bs+Ms, s > 0 where {Bs}s>0 is one dimensional Brownian motion start-
ing at zero. It is known that {Tt}t≥0 is represented as the first hitting time process Tt = 12 inf{s >
0|Ys = t}. (See [20]; Example 2.18).
Let {Bt}t≥0 be d-dimensional Brownian motion starting x on the probability space (ΩBr,BBr,PxBr).
We introduce the probability space
(Ωp,Bp,Pxp ) = (Ωrel×ΩBr,Brel×BBr,Prel×PxBr),
and let us define a stochastic process {Xt}t≥0 on (Ωp,Bp,Pxp ) defined by
Xt
([
η
ω
])
= BTt(η)(ω).
For ψ ∈ L2(Rdx), let us set
Upt ψ(x) = Exp[ψ(Xt)e−
∫ t
0 V (Xs)ds],
where Exp[Z] =
∫
Ωp Z(ξ )dPxp (ξ ). Here we assume the following condition.
(S.1) V ∈ L∞(Rd).
By Fourier transform and (3), it is seen that for rapidly decreasing function ψ ∈ S(Rd),
(e−t(
√
−△+M2−M)ψ)(x) =
∫
Rd
e−threl(k
2)ψˆ(k)eik·xdk = Erel[ExBr[ψ(BTt )]] = Exp[ψ(Xt)].
Then from Trotter-Kato product formula, the functional integral representation for the semi-
relativistic particle is obtained:
Proposition A ([13] ; Theorem 3.8)
Assume (S.1). Then (φ ,e−tHpψ) = (φ ,U pt ψ) for φ ,ψ ∈ L2(Rd).
As a remark, in the proof of ([13]; Theorem 3.8) it is proven that a Feynman-Kac formula
e−t1Hpg1e−(t2−t1)Hp · · ·gn−1e−(tn−tn−1)Hpψ(x) = Exp[
n−1
∏
j=1
g j(Xt j)ψ(Xtn)e−
∫ tn
0 Vp(Xs)ds] (4)
holds where g j ∈ L∞(Rd), j = 1, · · · ,n−1 and ψ ∈ L2(Rd).
3
3 Scalar Bose fields
3.1 Gaussian random process indexed by Hilbert space
In this subsection, basic properties for Gaussian random process are explained. To construct
Bose fields, the following proposition is needed. (See, e.g.[1];Theorem 2.5, [20];Theorem 5.9 )
Proposition B (Existence of Gaussian random process)
Let K be a separable and real Hilbert space. Then there exist a stochastic process {X f} f∈K
indexed by K on a probability space (QK,BK,PK) satisfying the following conditions.
(G.1) For all f ∈K, X f is Gaussian random variable satisfying E[e−itφ f ] = e−
‖ f‖2
4 t
2
.
(G.2) Xa f+bg = aX f +bXg for all f ,g ∈K and a,b ∈ R.
(G.3) BK is the minimal σ -field generated by {X f} f∈K.
Remark 3.1 The stochastic process {X f} f∈K satisfying (G.1)-(G.3) is called the Gaussian ran-
dom process indexed by K.
Let {X f } f∈K be the Gaussian random process indexed by K. Then it is seen from (G.3), that
D0,K =
{
F(X f1, · · · ,X fn) | F ∈ Sreal(Rd), f j ∈K, j = 1, · · · ,n,n ∈ N
}
is dense in L2(QK). Let
L2n(QK) be the closure of the linear hull of the set {: ∏nj=1 X f j : | f j ∈ K, j = 1, · · · ,n}∪ {1}
where : ∏nj=1 X f j : denotes the wick product defined recursively by : ∏nj=1 X f j := X f1 : ∏nj=2 X f j :
−12 ∑nj=2( f1, f j) : ∏ j 6=l X fl : and : X f := X f . It is seen that L2j(QK)⊥L2l (QK) for j 6= l. It is
known that the Winer-Ito-Segal decomposition L2(QK) =
∞⊕
n=0
L2n(QK) follows (See e.g. [1];
Lemma 2.13 , [20]; Lemma 5.4). Let S be a closed operator on K. Γ(S) =⊕∞n=0Γ(n)(S) is called
the second quantization of S defined by Γ(n)(S)X f1 · · ·X fn = : XS f1 · · ·XS fn for f j ∈ D(S), j =
1, · · · ,n, n≥ 0. In addition, dΓ(S) =⊕∞n=0dΓ(n)(S) is called the differential second quantization
of S defined by dΓn(S)X f1 · · ·X fn = ∑nj=1 : X f1 · · ·XS f j · · ·X fn : where f j ∈D(S), j = 1, · · · ,n,
n≥ 0.
3.2 Construction of a scalar Bose field
Let
K
0
b =
{
f ∈ S′real(Rd)
∣∣∣ ∫
Rd
| ˆf (k)|2
ωb(k)
dk ∞
}
,
where S′real(Rd) is the space of real-valued tempered distributions, and set
(g, f )Kb =
∫
Rd
gˆ(k) ˆf (k)
ωb(k)
dk. (5)
Here ωb satisfies the following condition.
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(B.1) ωb is continuous and non-negative.
As a remark, we consider a physical example of ωb. Let ωb(k) =
√
k2 +m2, where m ≥ 0
denotes the mass of the field.
Let Kb =K0b
‖·‖Kb
. From Proposition B, there exists a Gaussian random process {φ( f )} f∈Kb
indexed by Kb on a probability space (Qb,Bb,Pb). Let ωˇb = ωb(−i∇). The free Hamiltonian
of the bose field is given by
Hb = dΓ(ωˇb).
Then the triplet (L2(QKb), Hb,{φ( f )} f∈Kb) of the scalar Bose field is constructed.
3.3 Functional integral representation for scalar Bose fields
In this subsection, we apply the Euclidean quantum filed theory. For the detail of this subject,
refer to e.g. ([1]; Section 7) and ([20]; Section 5).
Let
K
0
E =
{
f ∈ S′real(R1+d)
∣∣∣ ∫
R1+d
| ˆf (k0,k)|2
ωb(k)2 + k20
dk0dk < ∞
}
,
and
(g, f )KE =
∫
Rd
gˆ(k0,k) ˆf (k0,k)
ωb(k)2 + k20
dk0dk. (6)
Let KE =K0E
‖·‖KE
. From Proposition B, it is seen that there exists Gaussian random variables
{φ E( f )} f∈KE indexed by KE on a probability space (QE,BE,PE).
The relation between Kb and KE is as follows. For the delta function δt ∈ S′(R) with < δt ,φ >=
φ(t), it is seen that
(g,e−|t−s|ωˇb f )Kb = (δs⊗g,δt ⊗ f )KE , s 6= t, (7)
‖ f‖Kb = ‖δt ⊗ f‖KE . (8)
Then the isometric operator jt : Kb →KE is defined by jt f = δt ⊗ f . Let Jt = Γ( jt). Then it is
seen that e−tHb = J∗0Jt and
(Φ,e−tHbΨ)L2(Qb) = EE[(J0Φ)
∗(JtΨ)], (9)
where EE(X) =
∫
QE X(q˜)dPE(q˜). For D ⊂ R, let us set ED = Γ(eD) where eD is the projection
onto KE(D) = { f ∈ KE|supp f ∈ D×Rd}. It is seen that ED has the Markov property such
that E[a,b]E{c}E[d,e] = E[a,b]E[d,e] for a ≤ b ≤ c ≤ d ≤ e. Let Es = JsJ∗s . Then it is known that
Es = E{s}. It is seen that
JsG(φ( f ))Js = EsG(φ E(δs⊗ f ))Es. (10)
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for G ∈ L∞(R). Then by using Trotter-Kato product formula, the following proposition holds
(Refer to e.g. [1]; Theorem 7.19).
Proposition C
Assume that Vb is continuous function on Rd with bounded from bellow. Then
(Φ,e−t(Hb∔Vb(φ( f )))Ψ)L2(Qb) = EE[(J0Φ)(JtΨ)e
−∫ t0 Vb(φE(δs⊗ f ))ds].
4 Main Theorem and Proofs
4.1 Interacting system and main theorem
The interaction system between the semi-relativistic particle and a scalar Bose fields is defined
as follows. The state space for the system is given by
H = L2(Rdx)⊗L2(Qb).
H can be decomposed as H ≃ ∫ ⊕Rd L2(Qb)dx where ∫ ⊕ denotes the fibre direct integral. The
total Hamiltonian of the system is defined by form sum of the free Hamiltonian and interaction
Hκ = H0 ∔ κHI, κ ∈ R, (11)
where H0 = Hp⊗ I + I⊗Hb and and HI is given by
HI =
∫ ⊕
Rd
P(φ(ρx))dx
with P(λ ) =
2n
∑
j=1
c jλ j, c j ∈ R, j = 1, · · · ,2n−1, c2n > 0 and ρx satisfying the following condi-
tions.
(A.1) For each x ∈ Rd , fx ∈Kb and supx∈Rd ‖ρx‖Kb < ∞.
(A.2) For each t ∈ R, the map R ∋ x 7→ δt ⊗ρx ∈KE is strongly continuous.
For a physical example of the interaction, let ρx(y) = ρ(y−x) for ρ ∈ S′real(Rd). Then ρˆx(k) =
ρˆ(k)eik·x. Then we see that the conditions (A.1) and (A.2) are satisfied. The field operator
φ(ρx) can be unrigorously represented as
φ(ρx) =
∫
Rd
ρˆ(k)√
2ω(k)
(
ake
−ik·x +a†ke
ik·x
)
dk
where ak and a†k denote the kernel of an annihilation operator and creation operator, respectively.
We prepare for some notations. Let D0 = C∞0 (Rd)⊗ˆD0,Kb where ⊗ˆ denotes the algebraic tensor
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product. For Ψ ∈H, we set Ψx(q) = Ψ(x,q). Unless confusion arises, we identify X ⊗ I with
X and I⊗Y with Y . Let
(Ωp×E,Bp×E,Pxp×E) = (Ωp×QE,Bp×BE,Pxp ×PE),
and we use the notation Exp×E[Z] =
∫
Ωp×E Z(ζ )dPxp×E(ζ ).
The main theorem in this paper is as follows.
Theorem 4.1 Assume (S.1), (B.1), (A.1) and (A.2). Then it follows that
(Φ,e−tHκ Ψ)H =
∫
Rd
E
x
p×E[(J0ΦX0)(JtΨXt )e
−∫ t0 V (Xs)dse−κP(φE(
∫ t
0 δs⊗ρXs ds)))]dx.
Now we consider an application of the above theorem. For a self-adjoint H with bounded
from below, it is said that H has the ground state if the infimum of the spectrum of H is the
eigenvalue. It is seen that e−tHp and e−tHb are positivity improving operators. Hence from the
above functional integral representation, the next corollary immediately follows.
Corollary 4.2
Assume (S.1), (B.1), (A.1) and (A.2). Then if Hκ has the ground state, it is unique.
4.2 Proof of Theorem 4.1
To prove the Theorem 4.1, we show the following proposition.
Proposition 4.3 Let G j ∈ L∞(Rd), j = 1, · · ·n. Then it follows that for Φ,Ψ ∈D0,
(Φ,e−t1H0G1(φ(ρx))e−(t2−t1)H0G2(φ(ρx)) · · ·Gn−1(φ(ρx))e−(tn−tn−1)H0Ψ)
=
∫
Rd
E
x
p×E
[
(J0ΦXt1 )
(
n−1
∏
j=1
G j(φ(δt j ⊗ρx))
)
(JtnΨXtn )e
−∫ tn0 V (Xs)ds
]
dx.
(Proof) By using e−(t−s)Hb = J∗s Jt for t > s and (10), it is seen that
(Φ,e−t1H0G1(φ(ρx))e−(t2−t1)H0G2(φ(ρx)) · · ·Gn−1(φ(ρx))e−(tn−tn−1)H0Ψ)H
=
∫
Rd
(Φx,e−t1H0G1(φ(ρx))e−(t2−t1)H0G2(φ(ρx)) · · ·Gn−1(φ(ρx))e−(tn−tn−1)H0Ψx)L2(Qb)dx
=
∫
Rd
(Φx,e−t1HpJ∗0
(
Et1G1(φ E(δt1 ⊗ρx))Et1
)
e−(t2−t1)Hp
(
Et2G2(φ E(δt2 ⊗ρx))Et2
)×
·· ·×(Etn−1Gn−1(φ E(δtn−1 ⊗ρx))Etn−1)Jtne−(tn−tn−1)HpΨx)L2(Qb)dx. (12)
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By using Markov property of Et j and the Feynman-Kac formula (4), we have
(12) =
∫
Rd
EE[(J0Φx)e−t1HpG1(φ E(δt1 ⊗ρx))e−(t2−t1)HpG2(φ E(δt2 ⊗ρx))×
·· ·×Gn−1(φ E(δtn−1 ⊗ρx))e−(tn−tn−1)HpJtnΨx)]dx
=
∫
Rd
EE[E
x
p[(J0Φx)
(
n−1
∏
j=1
G j(φ E(δt j ⊗ρXt j ))
)
(JtnΨXtn )e
−∫ tn0 V (Xs)ds]]dx.
Thus the proof is obtained. 
(Proof of Theorem 4.1)
Let Φ,Ψ ∈D0. By Proposition 4.3 and Trotter-Kato product formula we have
(Φ,e−tHκ Ψ) = lim
n→∞(Φ,(e
− tn H0e−
t
n κHI)nΨ)
= lim
n→∞
∫
Rd
E
x
p×E[(J0ΦX0)(JtΨXt )e
−κP(φE( n∑
j=1
( tn)δt j/n⊗ρXt j/n ))
e−
∫ t
0 V (Xs)ds]dx (13)
Here note that
‖δt+ε ⊗ρXt+ε −δt ⊗ρXt‖KE ≤ ‖(δt+ε −δt)⊗ρXt+ε‖KE +‖δt ⊗ (ρXt+ε −ρXt )‖KE
≤ ‖(1− eεωˇb)1/2ρXt+ε‖Kb +‖(ρXt+ε −ρXt )‖Kb (14)
It is known that the map s → Xs(ξ ) is continuous for each ξ ∈ Ωp except finite points. Then
from (A.2) and (14), the map R ∋ t 7→ δt ⊗ρXt ∈KE is strongly continuous almost surely. Then
from this continuity and (13), we have
(Φ,e−tHκ Ψ) =
∫
Rd
E
x
p×E[(J0ΦX0)(JtΨXt )e
−κP(φE(∫ t0 δs⊗ρXs ds)))e−∫ t0 V (Xs)ds]dx. (15)
Since D0 is dense in H, the proof is obtained. 
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